In this paper we introduce and we study fractional Sobolev type spaces associated with a singular second order differential operator on (0, ∞) and propose several results. As applications we give certain properties including estimates for the solution of the generalized wave equation and generalized fractional operator.
Introduction
The Sobolev spaces have served as a very useful tool in the theory of partial differential equations, mostly those related to problems from continuum mechanics or physics. Their use and the study of their properties are based on the theory of distributions and Fourier analysis. The Sobolev space W s,p (R + ) is defined by the use of the classical Fourier transform as the set of all tempered distributions u such that its classical Fourier transform u satisfies (1 + |ξ| 2 )
In this paper we consider the differential operator on (0, ∞),
where A is the Chébli-Trimèche function (cf. [4] , Section 3. The purpose of this paper is to introduce and study new spaces associated with the singular operator A : the Sobolev space W s,p A (R + ) and the generalized fractional Sobolev space H s,p A (R + ) that generalize the corresponding classical spaces. The Bessel case was treated by Assal-Nessibi [1] , [2] , while Ben Salem-Dachraoui [3] studied the generalized Sobolev spaces in the Jacobi setting theory.
The paper is organized as follows. In Section 2, we recall the main results about the harmonic analysis associated with the operator Δ A . In Section 3, fractional Sobolev spaces and fractional operators on the Chébli-Trimèche hypergroup are studied. Some properties including completeness and fractional Sobolev embedding theorems are established. Next, in Section 4, other Sobolev type spaces on the Chébli-Trimèche hypergroup are defined and investigated. In Section 5, we give some applications. First, some estimates of the solution for the generalized wave equation are established and finally, we give practical real inversion formulas using the theory of reproducing kernels for the generalized fractional operator.
Preliminaries
In this section, we collect some harmonic analysis results related to the operator A . For details we refer the reader to [4] , [5] , [8] , [9] , [11] , [12] , and [14] .
Eigenfunctions of the operator A
In the following we use the following denotations: D * (R) the space of even C ∞ -functions on R with compact support. E * (R) the space of even C ∞ -functions on R. S * (R) the subspace of E * (R), consisting of functions f rapidly decreasing together with their derivatives.
, where ϕ 0 is the eigenfunction of the operator A associated with the value λ = 0. Equipped with the topology defined by the seminorms Q m,n , (m, n) ∈ N 2 , given by
S * (R) the dual topological space of S * (R).
(S 2 * ) (R) the dual topological space of S 2 * (R). E´ * (R + ) the dual topological space of E * (R). H * (C) the space of even entire functions on C which are of exponential type and slowly increasing. H * ,a (C) the subspace of H * (C) satisfying
For every λ ∈ C, let us denote by ϕ λ the unique solution of the eigen-
Remark 2.1. This function satisfies the following properties:
• ∀x 0, the function λ −→ ϕ λ (x) is analytic on C.
• Product formula • ∀ λ ≥ 0 and x ∈ R, |ϕ λ (x)| ≤ 1.
(2.1)
• For ρ > 0, we have
where m is a positive constant.
• For ρ = 0, we have
• For all k ∈ N, there exists m k ∈ N and c k > 0 such that for all λ ∈ R and all x ≥ 0, we have
Moreover, (m k ) k is an increasing sequence.
• We have the following integral representation of Mehler type, 
Generalized Fourier transform
For a Borel positive measure μ on R, and 1
with w a nonnegative function on R + , we replace μ in the norms by w.
, the generalized Fourier transform is defined by
The inverse generalized Fourier transform of a suitable function g on R + is given by: 6) where dγ(λ) is the spectral measure given by • For λ ∈ R ,we have
If ρ > 0 : ∀λ ∈ C, |λ| k 3 ; 
(2.7)
Generalized convolution
Definition 2.1. ( [7] ). The translation operator associated with the operator A is defined on
where w is the function defined in the product formula.
Proposition 2.4. ([7]). For a suitable function f on R + , we have:
i) τ x f (y) = τ y f (x). ii) τ 0 f (y) = f (y). iii) τ x τ y = τ y τ x . iv) τ x ϕ λ (y) = ϕ λ (x)ϕ λ (y). v) F(τ x f )(λ) = ϕ λ (x)F(f )(λ). vi) A (τ x )f = τ x ( A f ).
Definition 2.2. ([7]
). For suitable functions f and g, we define the convolution product f * A g by
Remark 2.4. It is clear that this convolution product is both commutative and associative:
, and in this case we have
Let τ be in (S 2 * ) (R + ). We define the distribution A τ , by
. This distribution satisfies the following property:
Fractional Sobolev spaces on the Chébli-Trimèche hypergroup
Definition 3.1. Let u ∈ (S 2 * ) (R) and s ∈ R, we define the generalized fractional operator of order s, as follows
Definition 3.2. Let s ∈ R and 1 ≤ p ≤ ∞. We define the generalized fractional Sobolev spaces as
In the following we show some properties for G s A and H s,p
P r o o f. i) Using Definition 3.1 and Proposition 2.8 it easy to see that
. Thus, using Remark 2.3 and Proposition 3.1i), it is easy to see that φ ∈ (S 2 * ) (R) and
On the other hand, from Proposition 3.1i), we deduce that for all j ∈ N the function g j = G s A (φ j ) belongs to S 2 * (R). Hence, by (3.1) we obtain lim
Under a sufficient condition on s and p, we shall prove that G s A is a convolution operator.
and there exists a positive constant C satisfying
The result is clear from the Plancherel formula for the Fourier transform F.
ii) Using the properties of c A , we deduce from Proposition 2.2 that for all s > α + 1, there exists an even function g ∈ L 2
A (R + ) such that
But, from Proposition 2.6 we have
and using Proposition 2.2 ii), it follows that 
where m k is the integer cited in (2.3).
P r o o f. Let u be in H s,2
A (R + ) with s ∈ R + such that s > α + 1. We have
Using the Hölder inequality, we obtain
Thus from Remark 2.2, we deduce that there exists a positive constant C such that
We identify u with the second member, then we deduce that u belongs to C * (R) and using (3.4) we show that the injection of H s,2
A (R + ) with s ∈ R + such that s > α + 1 + m k with k ∈ N\{0}. According to (2.3) and using the same method as for k = 0, we deduce from derivation theorem under the integral sign that
Thus D n u belongs to C * (R), for all n ∈ N I such that n ≤ k. Then we show that u is in C k * (R) and the injection of H s,2 
A (R + ) is an Hilbert space. 
F(u)(λ)F(φ)(λ)dγ(λ)
= ∞ 0 (1 + λ) − s 2 F(u)(λ)(1 + λ) s 2
F(φ)(λ)dγ(λ).
By using the Holder inequality, we obtain
, for all ϕ ∈ S 2 * (R).
Using the density of S 2
A (R + ), we deduce by the Hahn-Banach theorem [6] that u extends uniquely in a continuous linear form
ii) The linearity of χ comes directly from the uniqueness of the extension of each u ∈ H −s,2 A (R + ) in a continuous linear form
It remains to be shown that χ is bijective isometry. 
In particular, for all φ ∈ S 2 * (R) we get
Remarking that
A (R + ) and by using the relation (3.7) we get
.
This proves that χ is effectively an isometric between H
where v is the unique tempered distribution in H s,2 A (R + ) satisfying the relation (3.7) and (3.8). 
Sobolev type spaces on the Chébli-Trimèche hypergroup
In this section we establish some properties of certain Sobolev type spaces associated with the Chébli-Trimèche operator. 
We provide this space with the norm 
where p is the conjugate exponent of p. The equality holds if p = 2.
The result ii) follows immediately from Definition 4.1 of the generalized Sobolev space.
Since S * (R) is dense in L p (R + , (1+ξ 2 ) sp/2 dγ(ξ)) and using the fact that F is an isomorphism from S 2 * (R) onto S * (R), we deduce that S 2 * (R) is dense in W s,p A (R + ) and the injection is continuous. Thus, for f ∈ W s,p 2) and, from the density of 
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Hence the proof is completed for C ε = ε
. Using the formula (2.8), we have
Conversely, assume now that F(
It is easy to see that there exists a positive constant C such that, for all ξ ≥ 0,
Applications

Generalized wave equation
Definition 5.1. ( [13] ) For U ∈ (S 2 * ) (R) and S ∈ E´ * (R), we define the convolution product U * A S as the distribution in (S 2 * ) (R) defined for all ψ ∈ S 2 * (R) by
P r o o f. Taking into account that G s A is an automorphism on (S 2 * ) (R) and on E´ * (R), the result can be deduced by using the formula
* ) (R) and g ∈ E´ * (R). Then, from Proposition 5.1, we have for all s, s ∈ R
In what follows, we study the convolution product on the generalized fractional Sobolev spaces.
Moreover, we have
, and
, with q the conjugate exponent of q.
iv) For ρ > 0 and
, where C is a positive constant. Now, we consider the generalized wave equation where the unknown is a function u (with real values) of (t, x) ∈ R + × R + :
The regularity of solutions for the problem (W ) by means of the data u 0 and u 1 is given by the following corollary. 
. P r o o f. Applying the partial Fourier transform to the above Cauchy problem, one can easily see that
where F(χ t )(λ) = cos(λt) and F(ψ t )(λ) = sin(λt) λ . Consequently, from 
that is:
. P r o o f. i) It is clear from (2.1) and the properties of c A that for all y > 0, the function
Thus, from Proposition 2.2 ii), we can see that the function
is well defined and belongs to L 2 A (R + ). This implies that
and using relation (2.1), we deduce that
This proves that for all y > 0 the function G s (., y) belongs to H . This completes the proof of the proposition. 
A (R + ) , which gives the desired result.
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